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Abstract—We consider the Alternating Current Optimal Power
Flow (ACOPF) problem, formulated as a nonconvex Quadrat-
ically-Constrained Quadratic Program (QCQP) with complex
variables. ACOPF may be solved to global optimality with a
semidefinite programming (SDP) relaxation in cases where its
QCQP formulation attains zero duality gap. However, when there
is positive duality gap, no optimal solution to the SDP relaxation
is feasible for ACOPF. One way to find a global optimum is to
partition the problem using a spatial branch-and-bound method.
Tightening upper and lower variable bounds can improve solution
times in spatial branching by potentially reducing the number of
partitions needed. We propose special-purpose closed-form bound
tightening methods to tighten limits on nodal powers, line flows,
phase angle differences, and voltage magnitudes. Computational
experiments are conducted using a spatial branch-and-cut solver.
We construct variants of IEEE test cases with high duality gaps to
demonstrate the effectiveness of the bound tightening procedures.

Index Terms—Optimal power flow, conic optimization, spatial
branch and bound, bound tightening.

NOMENCLATURE
Sets and Indices
N Set of nodes
n,m Nodes, n,m € N
C(m) Set of nodes connected to m
Variables
Vo, Complex voltage
0, Voltage angle
O Angle between bus m and n : 6,,, — 6,
P,.Q, Nodal real and reactive power, respectively
Pn, Qmn Netreal and reactive power flow from m to n,

respectively
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Parameters

Y Nodal admittance matrix

G,B Nodal conductance and susceptance matrix,
respectively (Y := G + jB)

Dp,Dg Vectors of real and reactive load, respectively

pmin  pmax Nodal real power limits

Qmin Qmax Nodal reactive power limits

J/min_ {7max Voltage magnitude limits

gmin gmax Limits on 8,,,

€o, €1, C2 Objective coefficients for nodal real power

Operators

N Conjugate transpose, i.e., the transpose with
entry-wise complex conjugates

]2 Element-wise square

diag(-) A vector containing diagonal elements of a
matrix

Re(-),Im(-) Realand imaginary components, respectively

I. INTRODUCTION

N important challenge in power systems optimization is

to accurately and tractably model electricity in alternating
current (AC) networks. Multi-period problems employ coarser
approximations, where transmission losses are eschewed and
power flows are linearized so that efficient algorithms can
be employed. For certain purposes linearization can perform
adequately (see [1]-[3]). However, the inaccuracies that stem
from these approximations can result in suboptimal and even
infeasible solutions, which may be unacceptable in other cases.
It is unclear how much room for improvement may be made by
better accounting for AC power flow. However, as Mixed-In-
teger Programming software for Unit Commitment has shown,
even small improvements in operations can have significant
overall impact [4].

In this paper we consider a single-period scheduling problem
that incorporates steady-state AC power, the Alternating
Current Optimal Power Flow (ACOPF). A standard ACOPF
problem is to find a minimum cost dispatch of generation
and transmission assets to supply load, subject to engineering
constraints. Since the AC power flow equations are nonlinear,
a common approach to solving ACOPF is through iterative
Newton-type solvers (e.g., [5]), which can only guarantee local
optimality. Linearization approaches (see [6]) suffer from the
same problems. Therefore, in terms of global optimality, the
performance of ACOPF methods used in practice remain an
open question. The feasible set of ACOPF is nonconvex [7],
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and it is NP-hard to solve [8], [9]. Even finding a feasible
solution to ACOPF for radial instances with fixed voltages is
NP-hard [10].

Interest in conic optimization techniques for ACOPF is
largely due to multiple reports of zero duality gap for various
IEEE power system test cases (see [9], [11], [12]). Zero duality
gap means that the optimal value of a problem instance coin-
cides with that of the corresponding dual. Throughout the paper
we will be referring to the Lagrangian dual of the ACOPF
problem formulated as a nonconvex Quadratically-Constrained
Quadratic Program (QCQP). The Lagrangian dual of any
QCQP can be solved with semidefinite programming (SDP).
SDP is a type of conic optimization problem, which is a useful
paradigm for global optimization as it guarantees that any local
optimum is also globally optimal. Conic optimization can be
done with robust methods that can automatically find initial
starting points, and have polynomial-time convergence towards
the global optimal solution. Even when duality gap exists for
ACOPF, by property of weak duality conic relaxations provide
a lower bound on the global optimal value, which can be used
to judge the quality of candidate feasible solutions. Thus,
unlike ACOPF algorithms used in practice, conic optimization
can prove a problem is infeasible, or prove that a solution is a
global optimum.

For certain network topologies, simple formulations of
ACOPF can be solved exactly using a conic relaxation [9],
[13], [14]. However, numerous examples demonstrate that zero
duality gap cannot be guaranteed in general (e.g., [15]-[18]).
In cases with positive duality gap, more advanced techniques
must be developed to search for global optimal solutions, such
as higher moment relaxations [19], [20]. The method of higher
moment relaxations involves solving a sequence of convex
problems that grow rapidly in problem size. Several papers
have considered an alternative method to global optimization,
a spatial branch-and-bound algorithm (see [11], [17], [21]).
These algorithms all use lifted relaxations that are computation-
ally expensive to solve for large instances. Therefore practical
global optimization for ACOPF remains an active research
area.

This paper provides computationally efficient methods for
bound tightening, namely the tightening of voltage magnitude,
line flow, and phase angle limits. Bound tightening reduces the
domain of a problem by removing infeasible regions. This can
improve the quality of a relaxation while maintaining its va-
lidity; this is true of any relaxation, whether SDP, SOCP, or
LP-based (e.g., [22], [23]). For computational experiments we
have applied bound tightening to the spatial branch-and-cut al-
gorithm introduced in Chen, Atamtiirk, and Oren [24]. Although
domain reduction has a natural application to global optimiza-
tion as it can tighten relaxations, it can be applied elsewhere.
For instance, bound tightening could improve the warm-start
for an iterative optimization method, or it may complement the
low-rank SDP-based heuristic introduced in Sojoudi, Madani
and Lavaei [25]. In addition to the bound tightening methods,
we also construct modified IEEE test cases with large duality
gap that may pose a challenge to global optimization algorithms.
Computational tests using a complex QCQP solver (see [24])
show that bound tightening improves the solver's convergence
rate on these hard problems. The instances are made publicly
available at https://sites.google.com/site/cchenresearch/.
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The rest of the paper is organized as follows: Section II de-
scribes ACOPF and a SDP relaxation for it; Section III in-
troduces new ACOPF instances with large duality gap;
Section IV details the bound tightening procedures;
Section V contains computational results; Section VI concludes
the paper.

II. FORMULATIONS

We present a basic optimal power flow formulation:

(ACOPF) : minc] [P + Dp)* +¢cf (P4 Dp) + o

subject to

P+ jQ = diag(Y*VV™), (1a)
Pmin S P+Dp S F)max7 (1b)
Qmin S Q + DQ S Qmax’ (10)
[Vmin]Q < diag(VV*) < [Vmax]z, (ld)
tan(0")Re (V,,, V') < Im (V,,,V)7)

< tan (05,2 Re (Vi V) . (le)

The power flow equations are modeled with constraint
(1a), and nodal and generation power limits with constraints
(Ib) and (lc). Constraint (1d) enforces voltage magni-
tude limits, and constraint (le) enforces bus angle differ-
ence limits. Bus angle differences can be recovered with
Omn = arctan(Im(V,,V;*)/Re(V,,V;¥)). Note that for nota-
tional brevity we have left out line limits, but three types are
explicitly considered in Section IV.

Following Lavaei and Low [9], we consider the following
lifted SDP relaxation:

(RACOPF) : minc; [P+ Dp]* + ¢] (P + Dp) + co
subject to

P = diag(GW — BT), (2a)
Q = diag(—BW — GT), (2b)
P < P4 Dp < P, (2¢)
QU™ < Q+ Dq < P, (2d)
[erin]Z < dlag(I/V) < [‘/max]27 (26)
tan (9237{1) I/an S Tmn S tan (ezzx) Wmn> (2f)
W+ jT = 0. (2g)

The decision vector V' has been replaced by the Hermitian
decision matrix W + 377, and a rank-one condition on W + ;1T
has been relaxed.

III. NEW INSTANCES WITH LARGE DUALITY GAP

First we provide some intuition regarding the construction of
cases with duality gap. Provided ACOPF is feasible, RACOPF
has the same optimal cost if and only if there exists an optimal
solution to RACOPF with rank 1. We use an alternative condi-
tion from Chen, Atamtiirk, and Oren [24]:

Proposition 1: For n > 1 a nonzero Hermitian positive
semidefinite n X n matrix X has rank one iff all its 2 x 2 prin-
cipal minor determinants are zero.

Proof: Suppose X has rank » > 1. Since X is Hermitian
it has an r X 7 nonzero principal minor. Since X is positive
semidefinite this principal minor corresponds to a positive defi-
nite 7 X 7 submatrix. As r > 2, this implies there exists a 2 x 2
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strictly positive principal minor. Now suppose instead that X
has a strictly positive 2 x 2 principal minor. Then X contains a
rank-two principal submatrix and thus » > 1. O

Suppose we are given an ACOPF-optimal solution with volt-
ages V and powers P,Q. Consider its corresponding rank-one
optimal solution in lifted space W+ jT VV*. From Proposi-
tion 1, we have that the principal minor condition T/V,%m—i-T2 =
WmmIVnn holds across all bus pairs. The positive sermdeﬁmte
constraint (2g) enforces W,%m + T2 < Wmm W, nn, SO @ gap
between RACOPF and ACOPF can only occur if for each op-
timal solution to RACOPF there exists at least one pair m, n
such that W2, + T2 < WomWan.

If there is a pair m, n where decreasing either Tmn or W, mn
improves the objective value, then there is a gap between the op-
timal values of RACOPF and ACOPF. A decrease in the magni-
tude of T}y, has the equivalent effect of a decrease in the mag-
nitude of ,,,,. Note that this is a nonphysical effect if the rank
condition is lost; for instance this could lead to an increase in
power factor between m and n without affecting flows else-
where. Decreasing W,,,, decreases real and reactive power at
both buses by decreasing real and reactive power flows in both
directions across the connecting lines.

Let us now consider conditions where decreasing the magni-
tudes of Ty, or Wiy, (and adjusting nodal powers accordingly)
could improve the objective function. Since decreasing |T,y,|
reduces the power transfer between m and n, then it may be
desirable when line congestion is problematic, or when transfer
across a lossy transmission line is otherwise unavoidable. De-
creasing W,,,, increases losses, which would allow an other-
wise unmanageable amount of power to be produced by dissi-
pating flows in an unphysical manner. Using this intuition, we
construct new cases with large duality gap by applying simple
changes to IEEE test cases. We name these cases as follows:
9Na,9ND,145,14P, and 118I N, with number indicating the
number of buses and letter indicating the type of change. To the
best of our knowledge, the use of negative costs and alternative
types of line limits is a novelty in the construction of cases with
duality gap. Known instances in the literature use methods in-
cluding the creation of excess power by changing nodal genera-
tion/load limits [17], [18], [20], [21], restricting apparent power
flow [15], [20], [21], and changing voltage magnitude limits
[18], [20].

Negative Costs 9Na and 9Nb: We use the 9-bus instance
in MATPOWER and change the cost coefficients by setting all
quadratic coefficients ¢, to be zero, and reversing the sign of
the linear real power cost coefficients ¢; on certain generators,
making these costs negative. Negative cost coefficients can
model opportunity costs such as start-up and shut-down cost
avoidance, ramping considerations (e.g., anticipating high
demand in the next period), feed-in-tariffs from renewable
resources, and the value of absorbing excess generation from an
import bus. Thus the cost coefficients in these cases represent
bids rather than marginal generation costs. For this small 9-bus
network we have constructed extreme cases: in 9N A we give
negative costs to generators 1 and 3, and in 9N B we do so for
all three generators.

Congestion: 145 and 14P: We modified the IEEE 14-bus
case by applying a a universal line limit across all lines, ap-
plying either real power (14P) or apparent power {14.5) limits.
For 14 P we apply a per-unit limit of 0.23, and for 14S a per-unit

limit of 0.24. These produce severe amounts of congestion, as
further lowering the limit on either case by 0.01 resulted in in-
feasibility.

Congestion and Negative Costs: 1181 N: We modified the
118-bus IEEE case in order to construct a relatively large case
with modest duality gap. The first (in lexicographic order) 7 gen-
erators were set to have negative linear costs, and all quadratic
cost coefficients were set to zero. Substantial congestion was
created by setting a thermal limit across all lines of 1.14 p.u. on
current magnitude.

IV. BOUND TIGHTENING PROCEDURES FOR ACOPF

In this section we propose fast procedures for domain re-
duction aka bound tightening. The typical procedure for bound
tightening is as follows: minimize/maximize the desired vari-
able subject to the constraints of the relaxation; however, this
is computationally intensive. Instead we consider ACOPF-spe-
cific methods with closed-form solutions based on general prin-
ciples described in Chen, Atamtiirk, and Oren [24].

Tightening on Power Flows: Let us examine some bus m.
If we consider voltage magnitude and angle constraints at all
buses, and real and reactive power constraints only at bus m,
then we have the following ACOPF relaxation in polar coordi-
nates:

Vi < V| < VR (32)
O, < O < 015, (3b)
P < G| Vel + Y G| Vinl [ Vaa| c08(B1nn)
Ynel(m)
+ ) Bun|VaallValsin(@mn) < PR, (3¢)

Ynel(m)
Q%in S _Bmm‘vm|2 - Z

vYnel(m)

+ Z Gmn | Vm I |Vn ‘ Sin(emn)
Ynel(m)

Bin|Vin || Vaa| cos(0n)

<Oy (3d)

We can further relax the problem by decoupling P and Q,
and rewriting some terms using the optimal solution to certain
subproblems. First let us define the following terms:

Pmn = Gmnwfn‘ COS(01nn) + an‘Vn| Sin(‘gmn),
dmn ‘= _anlvn‘ COS(Omn) + Gmn“/n| Sin(emn)a

Z p7nn7

Ynel(m)

Z CZ'mn N

Ynel(m)
Thus we can rewrite the nodal power equations:
m — Gmm“/?n| +pm|‘m‘a
2
Qm - - mm|‘/m‘ + levm‘-

We can obtain upper and lower bounds on py,n, gmn by
finding the following optima:

P = max G| Vi | €05(81mn ) + B |V | 5i0(O1nre)
subject to constraints (3a) and (3b),

pin = min Gpp Vi | €08(0mn) + Bomn|Va| sin(@mn)
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subject to constraints (3a) and (3b),
q% = max — Byn|Vi| c08(0mn) + Gomn V| sin(@ynn)
subject to constraints (3a) and (3b),
Gy =i — By [V | €08(81 ) + G| V| $in(8r)
subject to constraints (3a) and (3b),

L L
phi= Y. ph.
Ynel(m)

U U
Py = Z P>
Ynel(m)

L L
=Y Qe
Vnel(m)

U
A * Z ‘Jmn
Ynel(m)

Each bound is computed by checking variable bounds
and the unconstrained first-order necessary conditions
(FONCQ). For instance, for p,,,, FONC give us either §;,,, =
arctan((Bpn)/(Gmn)) if Gon # 0, orelse 6%, = (7)/(2),
in which case we can discard the point as infeasible. We can
test all candidates (0,,, = arctan((Bun)/(Gmn)), |Val
Vo[22, = 0max |V, | |V, |™2* ) etc.) to determine
bounds for py,, ¢.,n. With these variable bounds we form the

following relaxation:
Vit < V| <V,
P < G |Vinl® + pn | Vin| < P,
Q%m S _Bmm|Vm|2 + qm|Vm‘ S Q%axv
L U
P < Pm < P
L U
O < dm < e
From here, new variable bounds are determined in a straight-
forward and computationally efficient manner. Let us consider
the power bounds first. An over/underestimate of the max/min

real/reactive power flow is attained either at variable bounds or
the appropriate unconstrained FONC point. For P we have:

min{PNv PA} S Gmm|v7n‘2 +'pm|Vm| < max{PX7PB},
PY .= min {G’mm (me) + pk (V;gun)

an'm ( /,glax)z + pm (vrmax)} s
PY = max{ Gpm (V;’Llin) v (V,flnin) ,

Gl (V2™ 4 5 (V) )

L L
P min __Pm max
Vf)‘l = { _QGmm’ Gmm 7£ Oa Vm < 2Gmm < Vm ’
len O/U)
m >
B _ ZDZ—L 7& 0 me < /max
V = 2C;(Trm'n ? mm
P J/max O/’UJ
m ’

= Gmm (V1134)2 +p71;1 (V]ﬁl) )
=Gmm (Vv}?)2 +p7L7/; (V[?) .
Here, V', V2 are FONC solutions for V;,, given a fixed value

of pm, and P#, PE are the corresponding nodal powers. Reac-
tive power can be updated in the same way, replacing G.,,,,,, with
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— B.m, and p with q. Thus voltage limits can be used to tighten
nodal power limits.

We can apply the quadratic root formula to make inferences
about voltage magnitude using real and reactive power con-
straints. Note that only the positive root needs to be considered,
as the negative part corresponds to the lower portion of the nose
curve that is avoided in power systems operation to maintain
stability. Let us consider the following problem structure:

ax? 4+ bz + ¢ <0,
bl <b <Y,

ar? +br+c+d=0,
d>0,
bt <b <V,

Here, a, ¢ are parameters, and x, b, d are real-valued vari-
ables. For example, with the real power upper bound we have
a = Gum,b = pyc = —P™* 1 = |V,,,|, and hence tight-
ening of the limits on voltage magnitude. We are interested in
the projection on z so that we can establish implied variable
bounds for purposes of tightening: 2 < = < 2Y. We use the
property that the lower portion of nose curves are forbidden or
infeasible regions and take only the higher root:

b2 —4dac—4ad b
r=—"— —.
2|a| 2a

From here, by maximizing or minimizing the right-hand side
with b, d, we infer either upper and lower bounds z%, 2", or else
infeasibility:

a=0,b" <0:
c

- b_L S X,
a=0,bF >0,e<0:
x g _b_L7
a=0,b">0,c>0:
Infeasibility,
a<0:

2 _ daclt

min [b act +b <e
be{bL bV} —2a
a>0,4ac < (BV)?

bY (b)2 — dac—b
- — <2< max ~———

2a be{bL bU} 2a
a>0,(b")? < dac < (%)%, 6" <
\/\ \/ (bL)? 4ac - bL
a > O vY)? < dac (bX) bX >

v/ (b — 4ac bU
- — < x <
2a -

a>0,4ac > (b*)?:
Infeasibility,
bN ‘: bL, (bL)Q < (bU)Q’

' W ojw,
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L Ly2 Uy2
pX = b=, (b ) > (b ) ’
Yo o/w.

Tightening on Line Constraints: Three types of line flow
limits typically used for ACOPF are apparent power, real power,
and line current magnitude. For notational simplicity we will
assume that nodes are connected by a single line. This is not a
technical requirement (we include limits on specific lines in our
experiments) as multiple lines can be easily accommodated by
replacing m, n entries with the appropriate indices for specific
lines.

Apparent power is usually applied as a proxy for thermal line
or transformer limits: P2, + Q2 = < (Smax)2

Note that line limits are quartic constraints with respect to
voltages. In our relaxation we include nodal powers as explicit
decision variables, so the line limits are modeled as convex
quadratic constraints with respect to power, which maintains the
QCQP framework.

Let us now deduce some limits by fixing either P, or @,
in the same way as with nodal powers. For brevity we will only
show the procedure for real power, with the procedure holding
symmetrically for reactive power. First let us determine the min-
imum possible magnitude of reactive power flow:

o =max{Q), min{QX,0}},

N . min rmin
an ‘= min { mn (V ) - qmn‘ﬂ ’
max \2 L max
- an (V ) Imn Vm ’

B (V§) a3}

X . min min
mn "7 max{ mn (V ) qman

Bon (Vir™)? = dgn Vo™,
Bnn (VQ ) mnVQ }
Vg = { *qugzn, By # 0,V < nn_ < ymax,
Vet ofw,
By #0,VI0 < fan_ < ymex,

ana.g(nn / O/w
m

Using the same principles as with nodal powers, we have de-
termined QY , QX . respectively upper and lower bounds on
reactive power flow from m to n. |Q9, .| gives us the minimum
magnitude, so we the have the following valid inequality:

PZ ( 0 )2 <(Smax)2‘

mn mn
< pmax

= Pn'lil'l S -Pm,n mn ?
2
P\ J(sm)? (@, ),
2 2
P (Sma)? — (Q9,,)7.

Note that the explicit real power limits are sometimes in-
cluded as a proxy for voltage stability limits. In such a case
we use whichever bound is tighter. Voltage magnitude bound
tightening can then be applied to line flow limits using the same
procedure as for nodal power limits. For instance, with Pr2*
and we have G| Vin|* — Poun |Vin| — P28 <0,

Line current magnitude is the key factor in thermal line limit
violation. In the lifted space we write this as a linear constraint,
unlike apparent power bounds:

|ann‘ < I:E?LX9
= 2|V [V cos(Omn)) < (1522")27

= (G2 + Bizn) (Wm,m + II nn»
- 2Wmn) = (I;:Llix)2 .

Defining 62, := max{f™® min{#™2x 0}} as the feasible

angle closest to zero, we make the following inference, sup-
posing that |Y,,,,| # 0:

|Vrn‘ < max{VD, LrE./ ‘/F}’

IR 0
VC = 1—cosZ(62,,.)" emn # 0,
00, o/w,

Ve cos (69,,,)

VP = 4 I s (08,0, Ve < v,
Ve, o/w,
Vamin cos (69,,,)

VE = +\/IR _ (Vrimn sin (egnn))Q ‘/nl?lin < VC}
Infeasible problem, ojw,

VT .= min {Vémn, max {min {Vrinax, Vc} , VG}} ,
VIE (lsin o )t

VG = COS( mn ‘COt Omn) l) ’ mn # 0

E7 O/w7
. I
- Ghn.t Bl

The same procedure applies symmetrically on |V,,|. We also
update the angle bounds, considering only the nontrivial cases
where |Y /minvfm'm 75 0:

i :

m

max\2
— Zﬂ/mHVn‘ COS(Hmn)) (Imn ) ’
|V;n‘2 + IVTL|2 B
< B 4
A < cos( ) @

We can then determine the minimum of the left-hand side of
inequality (4). Supposing a nontrivial bound, where (V)2
(Vmim)2 [ g ymin 5 g ymin 5 () by examining deriva-
tives we can see that the minimum is attained at one of the fol-
lowing values:

Vil =V,
V) {5, i o (vm)? — 1Y)
V| = V%,
|V.| = max {V,{nin,mm{ x| Vmax)2 — Ik } ;
Vol = Vi,
|Vin| = max {V;lnin, min {Vﬁ?ax, me) - IR}} ;
[Val = V™,
[Vin| = max { Vi, min v, (vme)? — 21,
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TABLE 1
COMPARISON WITH AND WITHOUT BOUND TIGHTENING

Case dgap With Bound Tightening Without Bound Tightening
Nodes | Depth | Time rgap egap cgap | Nodes | Depth | Time rgap egap cgap
29 0.28% 57 22 20 0.36% 0.08% | 76% 77 27 28 036% | 0.10% | 73%
gl4 0.06% 49 18 18 0.16% 0.10% | 38% 67 21 28 0.16% | 0.10% | 40%
230 0.09% 73 12 45 0.18% 0.09% | 49% 75 12 51 0.18% | 0.09% | 49%
257 2.22% 109 39 358 2.31% 0.09% | 96% 215 68 1202 | 2.31% | 0.10% | 96%
m39Q 0.57% 1365 83 2546 | 3.57% 3.00% | 16% 4149 101 5423 | 3.57% 3.52% 1%
mS7L 0.06% 6 5 15 0.16% 0.10% | 39% 13 7 23 0.16% | 0.10% | 38%
mlI8L | 0.66% 128 38 3815 | 0.76% 0.10% | 87% 383 51 5648 | 0.76% | 0.52% | 31%
9Na 17.00% 1171 45 340 | 18.00% | 1.00% | 94% 2771 70 587 18.00% | 1.00% | 94%
9Nb 18.29% 1149 43 333 19.29% | 1.00% | 95% 2325 69 522 19.29% | 1.00% | 95%
14P 4.32% 2290 50 1026 | 5.32% 1.00% | 81% 4999 72 1766 | 5.32% 1.00% | 81%
14S 1.97% 1799 51 968 2.97% 1.00% | 66% 3979 72 1628 | 2.97% 1.00% | 66%
118IN 1.06% 190 33 1620 | 1.61% 1.00% | 38% 241 39 1821 2.05% | 099% | 52%

[ avg [ 383% [ 699 [ 37 [ 925 | 456% [ 0.71% | 65% | 1608 | 51 [ 1561 [ 4.59% | 0.79% [ 60% |

Let 67, be the minimum value for the left-hand side of in-
equality (4). If 82 > 1, then the problem is infeasible; other-
wise, 8., is bounded above and below by % arccos(64 ).

Tightening on Graph Cycles: For meshed networks, we prop-
agate angle bound changes across cycles using the identity that
the sum of angle differences around a cycle must sum to zero.
For instance, if we choose to partition the bounds of 8,,,, it
is easy to check if there is some third bus & that connects to
m and n in the chordally completed graph. Supposing that all
bounds are at —30 to 30 degrees, and that the upper bound g/2*
has been updated to —15 degrees, then we can update the other

lower bounds:

Amin

i = max {070, — (A + 07 | = 15 dex,
O = mas {7, — (O + 07 ) | = 15 des,

Although this applies to cycles of any size, for simplicity
we restrict the procedure to 3-cycles in our experiments. Note
that this procedure generalizes to QCQP with bounded complex
variables (see [24]).

V. COMPUTATIONAL EXPERIMENTS

A. Setup

All experiments herein are performed with a 2.26 dual-core
Intel 13-350M processor and 4 GB main memory. Algorithms
are coded in MATLAB (see [26]) with model processing per-
formed by YALMIP (see [27]). We use the solver for QCQP
with bounded complex variables developed in Chen, Atamitiirk,
and Oren [24]. A brief description of the solver follows.

B. Solver

The solver of Chen, Atamtiirk, and Oren [24] is designed for
general QCQP problems with bounded real or complex vari-
ables. A spatial branch-and-cut approach is used, and live nodes
are selected using depth-first search strategy. At every live node,
the upper bound problem is solved using IPOPT [28]. The lower
bound problem is a sparse lifted SDP relaxation that is strength-
ened with cuts and is solved with MOSEK [29]. A live node is
pruned if the lower bound is infeasible or if the lower bound ex-
ceeds or else is within a user-specified percentage of the best-
known upper bound. If a live node is not pruned, then it is
branched upon: an entry of the lifted matrix of the SDP relax-
ation is selected for branching and its bound is bisected, forming

two child nodes. For ACOPF the interpretation is that spatial
branching is performed on either a node's voltage magnitude
or a voltage phase angle difference between two nodes. In this
paper we have used the MVWB branching strategy, which se-
lects nodes based on minimizing a worst-case estimate of rank
violation in the relaxation's decision matrix. Bound tightening
is applied at every live node in order to tighten the current lower
bound and subsequent child node lower bounds, if any. The
solver terminates when any one of the following criterion are
met: a search tree limit of 10000 nodes explored; a time limit of
1.5 hours; or a user-specified optimality gap criterion is reached
(this differs by case and is specified in Section V). Furthermore,
all nodes beyond a search tree depth of 100 are pruned. Upon
termination, the solver returns the lowest-cost feasible solution
found as well as a lower bound on the optimum cost derived
from the branch-and-cut procedure.

C. Instances

In addition to the challenging instances produced in
Section III, we have included test instances with small duality
gap from Gopalakrishnan ef al. [21]. These instances are called
¢9-¢57, with the number indicating the number of buses in
the problem. Additionally, we have included all cases from
Molzahn and Hiskens [20] with duality gap greater than 0.1%.
These are named m39Q), m57L, and m118L, using their
naming convention. Since the IEEE test cases do not include
phase angle difference limits, we have applied a 30 degree
bound for all connected bus pairs. For the challenging problems
we set a global optimality tolerance of 1%, and for g9-g57 we
use a tolerance of 0.1%. The solver had trouble converging on
case m39(), so we set a higher optimality tolerance of 3%.

D. Results

We summarize our results in Table I. The columns are defined
as follows. Case is the case name. dgap is a lower bound on the
duality gap with respect to the standard relaxation; it is estab-
lished by the best known lower bound calculated by the solver.
Nodes are the number of search tree nodes explored before ter-
mination. Depth is the maximum search tree depth. Time is the
total time spent in the solver. rgap is the root gap, calculated
as (gub — rlb) /| gub|, where gub is the best known upper bound
and rlb is the root node lower bound. egap is the end gap, calcu-
lated as (gub — glb) /| gub|, where glb is the global lower bound
established by the solver at termination. cgap is the closed gap,
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TABLE II
BREAKDOWN OF TIME SPENT (SECONDS)

With Bound Tightening

Without Bound Tightening

Case Tl TLB | UB | OH | Totaln | Of/n | Total | LB | UB [ OH | Total/n | OH/n
29 20 3 11 6 035 | 011 | 28 5 16 7 036 | 009
gld 18 5 ] 7 037 | 009 | 28 9 4 5 042 | 008
230 45 [ 18 | 17 | 10 | 062 | 014 | 51 20 22 9 068 | 0.12
257 358 | 114 | 190 | 54 | 328 | 049 | 1202 | 233 | 911 | 59 | 559 | 027
m30Q | 2546 | 500 | 1377 | 669 | 1.87 | 049 | 5423 | 1537 | 3074 | 813 | 131 | 020
m5/L | 15 6 5 3 250 | 057 | 23 3 3 2 177 | 023
mIISL | 3815 | 818 | 2604 | 393 | 29.81 | 3.07 | 5648 | 1519 | 3737 | 392 | 14.75 | 1.02
O9Na | 340 | 58 | 173 | 109 | 029 | 009 | 587 | 134 | 307 | 147 | 021 | 005
ONb | 333 | 57 | 168 | 107 | 029 | 009 | 522 | 117 | 274 | 131 | 022 | 006
14P | 1026 | 316 | 420 | 290 | 045 | 0.13 | 1766 | 648 | 811 | 307 | 035 | 006
145 968 | 263 | 436 | 269 | 054 | 015 | 1628 | 548 | 804 | 275 | 041 | 007
TISIN | 1620 | 737 | 553 | 330 | 852 | 174 | 1821 | 878 | 638 | 304 | 756 | 126
[ avg | 925 | 241 | 497 | 187 | 4.07 | 0.60 | 1561 | 472 | 885 | 204 | 2.80 | 029 ]

i.e.,1—(egap)/(rgap). Note that dgap=egap-rgap. Column av-
erages are provided in the last row.

For cases with small root gap, ¢9-¢30 and m57L, bound
tightening has a modest effect, and the solver terminates quickly
regardless. For the more difficult problems bound tightening
presents clear advantages in both time and search tree size.
Without bound tightening, the solver reached the time limit
on cases m39Q) and ml18L before reaching the optimality
criterion. In case 1181 N bound tightening reduces the root gap
by 16%, and for other cases it does not have substantial effect
at the root node.

Table II provides a detailed breakdown of times. T'otal indi-
cates the total time spent in the solver. LB is the time spent
solving lower bound problems, UB is the time spent upper
bound problems. The overhead (OH) is calculated as Total
— LB — UB. Total/n is the time spent per search tree node,
and OH/n is the overhead time per node. There are small but
significant increases in overhead due to the bound tightening
procedures. The per-node overhead increase is larger on the
more difficult cases. This is because the bound tightening proce-
dure is able to prune a high percentage of nodes due to infeasi-
bility, and thus makes up a larger percentage of total time spent.
With the exception of phase angle tightening the procedures
presented in this paper involve closed-form solutions and in-
volves only simple arithmetic operations. The angle tightening
involves propagation across cycles on chordal graphs (see [24]),
which has linear time worst case complexity (see [30]). Thus it
may be possible to further reduce per-node time impacts with
more efficient coding practices than used in our prototype.

VI. CONCLUSION

We constructed new instances of ACOPF with high duality
gap, which require methods beyond a one-stage SDP relaxation
for global optimization. We presented closed-form bound-tight-
ening procedures to reduce the domain of the problem by re-
moving infeasible regions. Computational experiments using a
spatial branch-and-cut solver indicate that the bound-tightening
techniques are particularly effective on more difficult instances.

Future work could consider hybrid bound reduction tech-
niques. For instance, bound tightening using full relaxations
could be judiciously applied to problematic buses, and our
closed-form methods could then be used to propagate bound
changes on neighboring buses. Moreover, further investigation
is needed to see if propagating angle bound changes on larger

cycles may be useful. It may also be worthwhile to consider
bound tightening on other problems involving AC power flow
equations, such as optimal capacitor location (see [31]).
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